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ABSTRACT
The inferred dark matter distributions in galaxies are strongly correlated with the observed
baryon distributions. The fact that no dark matter candidate has yet been identified motivates
our investigation into these correlations from the perspective of self-organized patterns. We
propose a relativistic Lagrangian theory for an effective dark matter as a pattern energy. This
theory accounts for many galaxy scaling relations generally attributed to dark matter.
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Understanding what we call dark energy and dark matter are
two of the great intellectual challenges of our time. Each is a place-
holder for current ignorance. Dark energy is postulated to explain
why the expansion of our universe is accelerating, and dark matter
is postulated to explain discrepancies between the observedmotions
of stars in galaxies, and galaxies in clusters, from what one would
predict using Newtonian gravity Trimble (1987). Although long
suspected (cf. Oort (1932); Zwicky (1933)), the hunt for additional
‘invisible’ matter became a serious endeavor in the wake of the
pioneering experiments Rubin & Ford (1970); Rubin et al. (1978),
that demonstrated definitively that the rotation velocity curves v(r)
of galaxies flatten out with increasing radius r instead of the ex-
pected Keplerian decay v ≈ √GM/r predicted by a balance of the
gravitational GM/r2 and centrifugal v2/r accelerations.
The dominant paradigm in cosmology is that the universe be-
gan with a big bang, it has nearly critical densityΩ ≈ 1, dark energy
is modeled by a non-zero cosmological constant Λ in the Einstein
field equations, and the bulk of the matter in the universe consists
of (dynamically) cold dark matter (CDM) that has clumped into
halos that serve as the seeds for the formation of galaxies and larger
scale structures in the universe. There are multiple lines of evidence
supporting this theory including the presence of the cosmic mi-
crowave background (CMB), the relative (primordial) abundances
of the light elements, the spectrum of temperature anisotropies in
the CMB, the large-scale distribution of matter in the universe, and
the observed acceleration in the expansion of the universe.
While the CDM model for dark matter works remarkably well
on cluster and cosmological scales, no DM particle has yet been
definitively identified. Also, there are tensions between CDM pre-
dictions and observations on galactic or smaller scales. N-body sim-
ulations give spherical halos with the "universal" Navarro-Frenk-
White (NFW) profile ρNFW(R) = ρ0[(1+(R/RS )2)(R/Rs )] Navarro et al.
(1996), (R is the 3d radial coordinate). Observations, however, favor
"cored" halos, e.g. the quasi-isothermal profile ρqiso = ρ0(1+R2/R2
C
) ,
over the "cuspy" NFW profile Li et al. (2020).
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Disk galaxies have a surface brightness profile that (approxi-
mately) decays exponentially from the center Freeman (1970). As-
suming a constant mass-to-light ratio, the distribution of baryons
is given by the surface density Σ = Σ0 exp(−r/r0), where r is the
2d radial coordinate in the galactic plane, Σ0 is the central surface
density and r0 is the (baryonic) scale length of the galaxy.
Observations reveal tight correlations and scaling relations
for the halo parameters ρ0, RC and the baryonic parameters Σ0, r0
Donato et al. (2004, 2009). Since galaxy formation is inherently
stochastic this suggests an important role for self-organizing dy-
namical processes. For quasi-steady systems, many observations
indicate that the dynamically inferred DM halo is strongly cor-
related with the baryon distribution Famaey & McGaugh (2012).
Many of these relations are subsumed by the radial acceleration
relation (RAR) Lelli et al. (2017), which is a "local" relation for
the observed acceleration gobs and the purely baryonic contribution
gbar. This relation holds for a range of galaxies including dSphs,
disk galaxies (S0 to dIrr) and giant ellipticals, and was first pro-
posed in Milgrom (1983) as the basis for MOND. The successes
of MOND in predicting various observed regularities on galactic
scales McGaugh (2020) have inspired a variety of dark matter mod-
els that behave like MOND for galaxies and like ΛCDM on cluster
and larger scales Zhao & Li (2010); Khoury (2015). There have
also been attempts to recover these scaling relations within ΛCDM
using cosmological simulations that include various baryonic feed-
back mechanisms Navarro et al. (2017); Dutton et al. (2019).
In this letterwe derive these scaling results, and other behaviors
attributed to dark matter from a new perspective, starting from the
simple idea that spiral galaxies are self-organized patterned struc-
tures. Patterns are ubiquitous in nature and arise when, at some
stress threshold, a symmetric "ground state" destabilizes and cer-
tain symmetry-breaking modes are preferentially amplified. These
modes compete for dominance through nonlinear interactions and
a set of winning configurations emerges. Generally, whereas some
symmetries are broken, others are not, leading to defects in pat-
terns. A good example is the well-studied case of high Prandtl
number convection. For a sufficiently large thermal gradient, the
conduction state in a horizontal layer of fluid heated from below
© 2020 The Authors
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becomes unstable to convective rolls which transport heat more ef-
ficiently. At this transition the continuous translation symmetry of
the conductive state is broken and replaced by a discrete transla-
tion symmetry from the preferred wavelength of the roll pattern.
Because the rotational symmetry is not broken at the transition, the
orientations of the roll patches are chosen by local biases. If the sys-
tem size is much greater than the chosen wavelength, the resulting
pattern is a mosaic of "locally" uniform stripe patterns which meet
and meld along defect lines and points in 2D (and planes and loops
in 3D). The resulting defects have topological charges reflecting the
far-field geometry away from the defects. They also have energy,
associated with the fact that the pattern mosaic is not a true energy
minimum but a metastable state; metastable in the sense that either
the topological constraints make the state a local minimum or that
the time scale to coarsen and "heal" the defect is extremely long.
Patterns and other collective phenomena are studied using
macroscopic order parameters that measure the amount of symme-
try breaking. These order parameters, coordinates on the unstable
and neutral manifolds of an unstable fixed point, are zero in the
homogeneous (pre-transition) state, but become non-zero after the
transition to patterns. Order parameters are governed by universal
equations that reflect the underlying symmetries of the system but
are insensitive to the precise details of the microscopic interactions
in the system – a phenomenon called universality Kadanoff (1990).
For systems that form stripe patterns by breaking translation but not
orientation invariance, the appropriate order parameter is a phase
ψ whose gradient k gives the local orientation of the pattern. Inte-
grating over the microscopic degrees of freedom gives a canonical
form for the effective energy Newell & Venkataramani (2017)
E = ρ0c2
∫ [
(1 − k2)2 + k−20 (∇ · k)2
]
dV, k = ∇ψ, (1)
where ψ is a length, the wavevector k is dimensionless, and the
normalizing constant ρ0c2 ensures dimensional consistency. The
ground states E = 0 correspond to the plane waves, ψ(x) = k · x
at spatial location x, with the preferred wavelength |k| = 1. If
boundaries or other external constraints dictate that the phase pattern
be radial,ψ(x) = ψ(R)where R = |x|, we cannot be in a ground state.
Indeed, a calculation reveals that, minimizing E with ψ = ψ(R), we
get k→ 0 as R→ 0 and ψ(R) → R+const as R→∞. These target
patterns are robust because they cannot be continuously deformed
into the plane wave ground states. We point out that many patterns
with robust defects, targets, spirals and saddles, are locally stripe
like and their macroscopic energies can be represented by (1).
The target pattern has a bounded energy density near the origin
(k0R . 1) and a far-field decay as R−2 (for k0R & 1). Consequently,
the energy density in a spherical target pattern, if interpreted as the
effective dark matter, naturally produces a quasi-isothermal halo
with RC ∼ k−10 . This suggests adding a term like (1) to the La-
grangian of the system to recover the effects of ‘dark matter’ Newell
& Venkataramani (2017, 2019). Analysis along these lines predicts
that the rotation curves about a large central mass will flatten, and
asymptote to a limiting value v∞ given by v2∞ =
32piGρ0
k20
Newell &
Venkataramani (2019). While these results were encouraging im-
portant questions were left unanswered - (1) What determines the
parameters ρ0 and k0?, and (2) How do we eliminate the assump-
tion of spherical symmetry and model more realistic disk galaxies?
These questions are the primary focus of this letter.
We first address a potential source of confusion in relating
our model to actual galaxies. Typical rotation curves have (i) an
inner region where the velocity increases roughly linearly; (ii) an
intermediate region where the velocity is essentially a constant;
and (iii) a (far) outer region where the velocity decays. We neither
expect, nor require that our theory apply to the “far-field" where
interactions with other galaxies in a cluster and/or the Hubble flow
cause effects comparable to those from the self-organized disk/halo
structure. In our models, the rotation curve does flatten and remain
at the asymptotic value v∞. Our model attempts to capture the inner
and the intermediate regions of a realistic galaxy.
The key physical ideas underlying our approach are empirically
derived from observations. They are: (1) The stellar and halo scale-
lengths of disk galaxies, r0 and RC , are characterized by a single
length scale Donato et al. (2004), (2) Spiral galaxies have a universal
acceleration scale a0 ≈ 1.2 × 10−10m/s2 Milgrom (1983), and
fitting the rotation curves using quasi-isothermal dark halos gives
a universal central surface density ρ0/k0 ' Σ∗ ∼ 100M/pc2 ≈
a0/(2piG) Donato et al. (2009); Famaey & McGaugh (2012), (3)
The Baryonic Tully-Fisher relation (BTFR) v4∞ = GMBa0 (BTFR)
relates the baryonic mass MB to v∞ with very little scatter over a
wide range of galaxies McGaugh et al. (2000), and (4) There must
exist physical processes that tie the local distribution of Baryons
and not just their total mass MB to the dark halo Sancisi (2004).
In this work, we will restrict our attention to rotation supported
spiral galaxies, where the velocity dispersion about themeanmotion
of stars is small, resulting in ‘simpler’ system with a well defined
rotation curve. A separate analysis is needed for pressure supported
systems, including disk galaxies with a significant bulge.
As a guide to the reader, we first preview our results, before
proceeding to discuss our model. Galaxies are described by various
physical parameters – the gravitational constantG, the scale lengths
r0 (photometric) and RC (halo core size), the pattern wavenum-
ber k0, the central densities Σ0 (baryonic) and ρ0 (DM), the total
angular momentum J, etc. We can form many, functionally inde-
pendent, dimensionless groups Π1 = Σ0k0/ρ0,Π2 = r0k0, and so
on. In principle, the structure and the dynamics of a galaxy can
depend on all of these parameters. Our Lagrangian model predicts
that disks galaxies are determined by a single dimensionless group,
Π0 =
gmax
a0
, the ratio of the maximal acceleration due to baryons
to the universal acceleration scale a0. We find, for purely rotation
supported systems, Π0 < 1, so we predict that purely rotation sup-
ported galaxies are necessarily "dark-matter" dominated low surface
brightness (LSB) disks. Π0 determines all the other dimensionless
groups and the shape of the rotation curve. This "collapse" of the
various apriori independent quantities onto "low-dimensional" sets
is a key signature of self-organized pattern formation. Why should
disks/halos be self-organized? Stability of a differentially rotating
fluid disk requires that the Toomre parameter Q = cs |κ |piGΣ be greater
than 1 where cs is the effective sound speed (relating restoring pres-
sures to density perturbations), κ is the epicyclic frequency and Σ is
the local surface density. For a stellar disk cs is replaced by σ, the
radial velocity dispersion.
Disk galaxies self-organize through the following stabilization
feedbackmechanism – ifQ < 1, the disk/gas heats up until it reaches
marginal stability Q = 1. For a rotation curve v = v∞ f (k0r), κ =√
2v∞
r in the flat region f ≈ 1. A homogeneous diskwith this rotation
curve is unstable to spiral density waves between the inner and the
outer Lindblad resonances r− < r < r+ Bertin (2014).
As argued above, the disk evolves to marginal stability Q = 1
at r = r±. We assume that r− is a good proxy for the pattern
wavenumber so r− ∼ k−10 , Q '
√
2σv∞k0
piGΣ ' 1. We also have GΣ ∼
v2∞/r0. This gives the ‘inner’ estimate v∞ ∼ σk0r0. We also have
an independent ‘outer’ estimate v2∞ = 32piGρ0/k20 that comes from
the halo contribution to the velocity. We will now eliminate the
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halo parameters ρ0 and k0 since they are not directly observed.
Multiplying the outer estimate by the square of the inner estimate
gives v4∞ ∼ Gρ0r20σ2. To eliminate ρ0, we use the (weak) constraint
that the baryonic mass and the mass of the halo up to radius r0
are comparable so that ρ0 ∼ MBr−30 Sancisi (2004). This yields
v4∞ ∼ GMB σ
2
r0
= GMBagal, where agal = σ2/r0 is measured
directly independently from the flat part of the rotation curve. For
theMilkyWay, the central dispersionσ ≈ 100kms−1 and r0 ≈ 3kpc,
so we get agal ∼ O(1)×10−10ms−2. In comparison, the BTFR gives
v4∞/GMB ' a0 = 1.2 × 10−10ms−2, with very low intrinsic scatter
for a wide range of galaxies McGaugh et al. (2000).
Turning our argument around, i.e assuming the constancy of
core surface density of halos and the BTFR (points (2) and (3) in
our list of physical principles) as “given natural laws", we get
ρ0
k0
= Σ∗, 32piρ0
k20
=
√
MBΣ∗, σ2 ∼ a0k−10 ∝ M1/2B . (2)
The first two expressions calibrate the constants in (1), and the
final expression is the MB ∼ σ4 relation for spirals Gebhardt et al.
(2000), whereMB is a proxy for the mass of the central bulge. These
relations also imply ρ0k−30 ∝ MB supporting our arguments above.
We thus get a lot of mileage from our physical assumptions
alongwith “classical physics" arguments.We interpret the successes
of these simple arguments as evidence that disk galaxies are indeed
(nonlinearly) self-organized systems, with very few independent
“state" variables, and are thus amenable to analysis using universal
models for phase transitions/pattern formation. To this end, we now
propose a Lagrangian theory for the coupled baryon-pattern system
where the energy stored in the pattern is effectively “Dark Matter".
Our action is given by S = SEH + SM + SP + Sψ , where
SEH = c
4
16piG
∫
R
√−g d4x,
SM =
∫
ρBuαuα
√−g d4x,
ρ0 = 32piΣ∗3/2M−1/2B , k0 = 32piΣ
∗1/2MB−1/2
SP = −ρ0c2
∫ {
(1 − ∇µψ∇µψ)2 + k−20 (∇µ∇µψ)2
} √−g d4x,
Sψ = −
∫
ρBc2V[∇βψ∇βψ]√−gd4x, (3)
where ∇ represents the covariant derivative in a curved spacetime
and uα is the 4-velocity of the baryonic matter. The first two pieces
are the Einstein-Hilbert action SEH and the matter action SM for
dust. The third term SP is given by the pattern Lagrangian for
curved spacetimes, as motivated by (1). The last term Sψ models
a direct interaction between baryonic density ρB and the pattern
field ψ. V(|k|2) ≥ 0 is a convex potential that vanishes at k = 0, so
large ρB creates "defects" in ψ, like the spherical target pattern with
∇ψ = 0 at the center. We have negative signs on SP and Sψ since
they are ‘potential’ rather than ‘kinetic’ terms and enter the action
through the V term in S =
∫
(T − V)dt.
Since galaxies are non-relativistic, v∞  c, the geometry of
space-time deviates from the flat Minkowskii space at O() where
 =
( v∞
c
)2
. We obtain the (Newtonian) limit description through
a principled asymptotic expansion in the small parameter  . In a
steady state, our system is described by the weak-field metric,
g = −(c2 + 2φ(x))dt2 + (1 − 2φ(x)/c2)(dx2 + dy2 + dz2), (4)
where φ(x) is the total Newtonian potential. We note that ψ, x, k are
O(1), the spatial velocity v is O(√), and ρB , ρ0 and φ are O()
Figure 1. Huygens’ construction – the phase contours (blue curves) have a
common evolute (brown curve) and intersect the characteristics (black lines)
orthogonally. The dashed red curves depict the spherical target pattern.
in units where G = c = k0 = 1. We can expand the action S and
collect terms in powers of c (equivalently ) to get, S = c2S1 +S2,
S1 = −
∫
d3xdt
[
ρ0[(1 − |∇ψ |2)2 + k−20 (∆ψ)2] + ρBV(|∇ψ |2)
]
S2 =
∫
d3xdt
[
ρB
(
v2
2
− φ
)
− |∇φ|
2
8piG
− 2φρ0
(
|∇ψ |4 − 1
)
− 2φ
(
ρ0k
−2
0 (∆ψ)2 + ρBV ′(|∇ψ |2)|∇ψ |2
)]
. (5)
This formulation is completed by prescribing the potential V .
We illustrate the procedure for analyzing the variational equa-
tions for this action revisiting the example of spherically symmetric
compact clump of matter. Step 1: Prescribe ρB(R) and solve the
variational equations for S1, i.e. a pattern formation problem. For
a compact clump, and a generic potential V with a global mini-
mum at 0, ∇ψ ≈ 0 within the source, so we get the target pat-
terns that were discussed earlier. Step 2: With the given ρB and
ψ computed from the previous step, solve for the gravitational po-
tential φ. For a compact dense clump, ∇ψ ≈ 0 where ρB , 0, and
outside the clump, |∇ψ | ≈ 1,∆ψ ≈ 2R−1. Consequently, we get
∆φ ≈ 4piG(ρB + 8ρ0/(b2 + k20R2)), b ∼ O(1),
g = ∇φ ≈ GMB
R2
+
32piGρ0
k20R
[
1 − b
k0R
tan−1
(
k0R
b
)]
. (6)
Step 3: Solve for the steady state velocity from v2R = g.
To model a disk galaxy, we now carry out these steps in
an axisymmetric setting, where all the fields only depend on
r =
√
x2 + y2 and z. The galactic disk is on the plane z = 0 and
the matter density is concentrated close to this plane, so we take
ρB(r, z) = ΣB(r)δ(z).
In Step 1, extremizing S1, we have two contributions, the
pattern Lagrangian SP which is an integral over all of space, and
the interaction LagrangianSψ = −2pi
∫
ΣB(r)V(|ψr |2)rdr which is
an integral over the galactic disk. Off the galactic disk we therefore
get theEikonal equation |∇ψ | = 1, as appropriate for stripe patterns.
In contrast to the case with a compact spherical source, we
can no longer assume that the phase contours ψ(r, z) = constant
are spheres centered at the origin. Nonetheless, using Huygens’
MNRAS 000, 1–6 (2020)
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Figure 2. Phase grain boundary. There is a jump in the far field gradient
across z = 0. This structure is smooth on the scale k−10 . The stretching and
bending of the phase contours contributes to an effective surface energy,
indicated by the color of the arrows representing the phase gradient ∇ψ.
principle, we solve the eikonal equation for ψ to obtain:
ψ(r, z) = min
s≥0
[
ψ(s, 0) +
√
(r − s)2 + z2
]
⇒ ψ [s + t cos θ(s),±t sin θ(s)] = ψ(s, 0) + t. (7)
where the second line follows for regions where the characteristics
r = s+t cos θ(s), z = ±t sin θ(s)) do not cross. The phase propagates
along characteristics which are thus orthogonal to the phase fronts.
The phase fronts for z > 0 (resp. z < 0) are the involutes of a
common evolute γ = (α(s),∓β(s)) and the phase ψ is the distance
to the closest point on the evolute γ, as shown in Fig. 1. For a full
solution of Step 1, we will express the angle θ(s) and the evolute γ
in terms of the matter surface density ΣB(s).
For the Eikonal solution, ∇ψ is discontinuous across the galac-
tic plane z = 0. This discontinuity in ∇ψ is a phase grain boundary
(PGB) defect. The PGB is regularized by a boundary layer in which
the local wave-vector changes smoothly over a length scale k−10
as illustrated in Fig. 2. In this layer the stretching and the bend-
ing energies in (1) both contribute to give a surface energy density
8ρ0
3k0 sin
3 θ(s) Newell et al. (1996). Using ρ/k0 = Σ∗ from (2), the
sum of Sψ and the PGB defect energy is
Sdisk = 2pi
∫ [
8Σ∗
3
sin3 θ(s) + ΣB(s)V(cos2 θ(s))
]
sds. (8)
We can now extremize to get 4Σ∗ sin θ(s) = ΣB(s)V ′(cos2 θ(s)), a
local relation between the matter surface density and the character-
istic angle θ(s) and therefore also the common evolute γ.
We are now in a position to make an informed choice for
the potential V . The argument of V is |∇ψ |2 = cos2 θ(s) ≤ 1
within the galactic disk. To ensure |∇ψ |2 ≤ 1 in the presence of
matter, a canonical choice is the log barrier function V(|ψ |2) =
−V0 ln(1 − |∇ψ |2) Boyd & Vandenberghe (2004), where V0 is an
O(1) constant. Putting everything together, we have a remarkably
complete (asymptotic) solution of the variational equations for (3):
(r, z) = (s + t cos θ(s),±t sin θ(s)),
γ =
(
s +
cos θ(s) sin θ(s)
θ ′(s) ,
sin2 θ(s)
θ ′(s)
)
ΣB(s) = 4Σ
∗
V0
sin3 θ(s)
|∇ψ | ' 1, ∆ψ ' 2 (t − sin θ(s)/θ ′(s))−1 ≈ 2/√r2 + z2,
∆φ = ∆(φB + φP) ' 4piG
[
ΣB(r)δ(z) + 2ρ0k−20 (∆ψ)2
]
,
v2 = r∂rφ(r, 0) = r∂rφB(r, 0) + r∂rφP(r, 0). (9)
We record a few observations. Our equations describe equilib-
ria for purely rotation supported galaxies (no central bulge). The
third equation implies such galaxies satisfy ΣB ≤ 4Σ∗V0 , so the Free-
man limitMcGaugh et al. (1995) follows naturally fromour analysis.
The second equation expresses the common evolute γ in terms
of θ(s)which in turn is given by ΣB . This gives a direct link between
the localmatter distribution ΣB and the pattern ‘halo’, a quantitative
formulation of Renzo’s rule – features in the light distribution are
reflected in the rotation curves Sancisi (2004).
We can also prescribe γ and use it to compute ΣB, ψ, φ and v. A
natural critical case is when the evolute degenerates to a single point
(0,−z0), so that θ(s) = arctan( z0s ) and ΣB(s) = 4Σ
∗
V0
(1+ s2/z20)−3/2,
corresponding to a Kuzmin disk. The mass of this ‘critical’ Kuzmin
disk, MB = 8piΣ∗z20/V0, is determined by z0, the length-scale in
the evolute, The phase is given by ψ(r, z) = (r2 + (|z | + z0)2)1/2.
We can compute the potential φ(r, 0) and the rotation velocity, with
ξ = r/z0:
φ(r, 0)
2piGΣ∗z0
≈ − 4
V0
√
1 + ξ2
+ V−1/20 log(1 + ξ2) + · · · ,
v2(r)
2piGΣ∗z0
≈ 4ξ
2
V0(1 + ξ2)3/2
+ 2V−1/20
ξ2
1 + ξ2
+ · · · ,
gobs
2piGΣ∗ ≈
4ξ
V0(1 + ξ2)3/2
+ 2V−1/20
ξ
1 + ξ2
+ · · · (10)
where the initial terms are the (non-dimensional) baryonic contribu-
tions to the potential (φbar), velocity (vdisk) and acceleration (gbar).
The asymptotic velocity v2∞ = 4piV
−1/2
0 GΣ
∗z0 ≡ (GMBa0)1/2
where a0 = 2piGΣ∗.We obtained ρ0 and k0 for a spherical halo, so it
is promising that our theory recovers the BTFR in a different regime
with a spheroidal halo and an extended, disk likematter distribution.
Also, independent of the scale z0, the critical Kuzmin disks in our
theory satisfy a radial acceleration relation (RAR) since both gbara0
and gobsa0 are functions of the same scaled variable ξ = r/z0.
Our theory can calculate the rotation curves for any prescribed
surface density ΣB(s). Indeed, amore realisticmodel for the galactic
plane surfacemass density distribution is a (cored) exponential disk.
We can model such galaxies by picking an appropriate involute
γ. This is illustrated in Fig. 1 for the curve z = − Al0e exp
(
− rl0
)
,
corresponding to a surface density
ΣB(s) = 4Σ
∗
V0
·

(1 + A−2e2s2/l20 )−3/2, s ≤ l0,(
1 + A−2e2s/l0
)−3/2
, s ≥ l0.
(11)
This family of densities interpolates between a Kuzmin disk (Al0 =
ez0, A→ 0) and a cored exponential disk (l0 log A ' z0, l0 → 0).
Fig 3 shows the numerically obtained rotation curves, with A =
1,Π0 = max(gbar)/a0 ≈ 0.416 and A = 9,Π0 ≈ 0.724. The axes
are non-dimensionalized by (r0, vKep), where vKep = max(vdisk) is
MNRAS 000, 1–6 (2020)
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Figure 3. Computed rotation curves. We approximate the pattern DM
2ρ0k−20 (∆ψ)2 by the ` = 0 mode and compute the disk potential from a
minimum discrepancy decomposition into Exponential + Kuzmin disks.
the peak Keplerian velocity for the density ΣB in (11), and r0 is set
so that this peak occurs at r = 2.15 r0 (matching exponential disks).
In Fig. 4, we plot the RAR for our theory applied to various
matter distributions (V0 is set to 4) and compare with the fit
gobs =
gbar
1 − e−
√
gbar/g†
(12)
for the choice g† = a0 Lelli et al. (2017). Note that, for rotation sup-
ported systems, the resulting RAR has two branches, most clearly
seen for the critical Kuzmin disk. This is unsurprising since, in the
absence of a bulge/central mass, the baryonic contribution to the
acceleration gbar has a peak value gmax at a few scale-lengths. For
g < gmax there are two values of r , one on either side of the peak,
with gbar(r) = g and (generically) different values of gobs. This re-
sults in two branches for the RAR, and precludes the possibility of
a simple universalMOND rule gobs = µ( gbara0 )gbar Milgrom (1983).
Indeed, the function in (12) only fits one branch of the RAR. The
other branch, gobs ' gbar  a0, gives an alternative to the standard
MOND explanation Famaey et al. (2018) for galaxies containing
very little dark matter van Dokkum et al. (2018).
In conclusion, we have proposed a novel theory, derived from
an action principle, that combines ideas from pattern formation with
a few basic physical principles that are supported by observations,
namely the BTFR and the constancy of the central surface density
of DM halos. This simple theory predicts a wealth of observed reg-
ularities and scaling laws, including the RAR, Renzo’s rule and the
existence of the Freeman limit. Our model determines the rotation
curves of isolated galaxies from their matter (or light) distribution
and the results agree well with observations. This model recovers
the observed diversity in the rotation curves of LSB disk galaxies,
and the inferred “DM halos", in their fine details.
Ours is an effective, long wave theory, applicable on scales
& k−10 , rather than a fundamental theory, since the parameters ρ0
and k0 in (3) are not universal, but explicitly depend on the baryonic
mass MB of the host galaxy. This nonlocality is to be expected
Deffayet et al. (2011). Our theory is “minimally" nonlocal through
the dependence of its action on a single global quantity MB .
Our theory is based on universal equations for pattern forma-
tion and can thus describe a variety of physical mechanisms. Our
favored interpretation is that ψ is the order parameter for a broken
translational symmetry, with a characteristic scale k−10 determined
by the distribution of baryons.The key outcomes of this study are:
Figure 4. The radial acceleration relation (RAR) in our model for various
distributions of matter. gbar and gobs are the baryonic contribution and the
total gravitational acceleration. No parameters are fit: g† = a0 = 2piGΣ∗.
(1) The RAR in very cold (purely rotation supported) systemsmight
naturally have two branches. The simple MOND rule is not “uni-
versal" and only applies to one branch. (2) ‘Dark matter’ can arise
as a collective, emergent phenomenon and not only as an yet undis-
covered particle. This idea remains viable even with the discovery
of galaxies containing (much) less “dark matter" than expected.
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